Let p be a prime greater than 3. In this paper, by using expansions and congruences for Lucas sequences and the theory of cubic residues and cubic congruences, we establish some congruences for 
Introduction
Congruences involving binomial coefficients are interesting, and they are connected with Fermat quotients, Lucas sequences, Legendre polynomials and binary quadratic forms. In 2006 Adamchuk [1] conjectured that for any prime p ≡ 1 (mod 3), So far this conjecture is still open. In 2010 Z.W. Sun and Tauraso [16] proved that for any prime p > 3,
where ( a p ) is the Jacobi symbol. In 2013 the author [13] proved the following conjecture of Z.W. Sun: where p is an odd prime and x and y are integers.
Let Z and N be the set of integers and the set of positive integers, respectively. For a prime p let Z p denote the set of those rational numbers whose denominator is not divisible by p. For a, b, c ∈ Z and a prime p, if there are integers x and y such that p = ax 2 + bxy + cy 2 , we briefly write that p = ax 2 + bxy + cy 2 . Let {P n (x)} be the Legendre polynomials given by P 0 (x) = 1, P 1 (x) = x and (n + 1)P n+1 (x) = (2n + 1)xP n (x) − nP n−1 (x) (n ≥ 1). For any prime p > 3 and t ∈ Z p , in [11] and [13] the author showed that
] (t) ≡ . Suppose that p > 3 is a prime and k ∈ {0, 1, . . . , p − 1}. It is easy to see that
Thus, for any m ∈ Z p with m ≡ 0 (mod p),
m k (mod p) and
Let p be a prime greater than 3 and m ∈ Z p with m ≡ 0 (mod p). Inspired by the above work, in this paper we study congruences for (mod p).
(1.2) Let p be a prime of the form 4k + 1 and so p = c
is the unique solution of the congruence 23x
Congruences for
For any numbers P and Q, let {U n (P, Q)} and {V n (P, Q)} be the Lucas sequences given by
It is well known that (see [17] )
In particular, we have
As usual, the sequences 
Lemma 2.3. Let p be an odd prime and k ∈ {0, 1, . . . ,
Proof. It is clear that
Proof. Using Lemmas 2.1 and 2.2 we see that
Note that 2[
We deduce the first result.
Using Lemma 2.3 we see that
By appealing to [7, Lemma 3.1(ii)] we have
This completes the proof. Corollary 2.1. Let p be an odd prime. Then
Proof. Taking P = 2 and Q = 1 in Theorem 2.1 and then applying (2.1) we deduce the result. Theorem 2.2. Let p be an odd prime and x ∈ Z p with x ≡ 0, 1 (mod p).
Proof. If p ≡ 1 (mod 4), by Theorem 2.1 we have
. Now applying Theorem 2.1 and the fact (
we deduce that
So the theorem is proved.
Theorem 2.3. Let p be an odd prime and P, Q ∈ Z p with P Q(P
(ii) If (
This together with Theorem 2.1 yields the result.
As an example, taking P = 2 and Q = 
Theorem 2.4. Let p be an odd prime. Then
Proof. Taking P = 2 and Q = −1 in Theorem 2.1 we obtain 
Proof. Taking P = 1 and Q = −1 in Theorem 2.1 we obtain 
Proof. Taking P = 8 and Q = −1 in Theorem 2.1 we see that 
]). Let p be an odd prime and P, Q
and
Theorem 2.7. Let p be an odd prime and a ∈ Z p with 16a
Proof. Putting P = 8a and Q = 1 in Theorem 2.1 we deduce that
By Lemma 2.4,
).
Now combining all the above we obtain the result. 
In particular, for b = 8a and m = 1 we have
Proof. Putting P = b and Q = −m 2 in Theorem 2.1 we see that 
Proof. Since
, from Theorems 2.7 and 2.8 we deduce the result. ]}. Then
Congruences for
Theorem 3.1. Let p > 3 be a prime and a, b ∈ Z p with ab ≡ 0 (mod p). Then
Proof. Using Lemmas 2.1 and 3.1 we see that for P, Q ∈ Z p with P Q ≡ 0 (mod p),
Now taking P = 9b and Q = 3a in (3.1) we deduce the result. Lemma 3.2. For n ∈ N we have U n (1, 1) = (−1)
Proof. Taking a = 1 3
and b = 1 9 in Theorem 3.1 and then applying Lemma 3.2 we deduce that
This yields the result. Remark 3.1. Let p > 3 be a prime. By (3.1) and (2.1) we have
]+1 (2, 1) = (−1)
Lemma 3.3. Let p > 3 be a prime and P, Q ∈ Z p with P Q ≡ 0 (mod p). Then
Proof. Since 2[
, we see that
from the above we have
(mod p).
If (
, from the above we deduce that
, from the above and the fact
we see that
So the lemma is proved.
Theorem 3.3. Let p > 3 be a prime and a, b ∈ Z p with ab ≡ 0 (mod p). Then
Proof. From Theorem 3.1 and Lemma 3.3 we see that
To see the result we note that 2[
and so
Corollary 3.1. Let p > 5 be a prime. Then
Proof. Taking a = − in Theorem 3.3 we obtain the result. 
(ii) If p ≡ 2, 8 (mod 15) and so p = 5x 
Proof. By Theorem 3.2, 
Note that 2F n±1 = L n ± F n . From Corollary 3.1 and the above we deduce the result. 2 with x, y ∈ Z, then
(ii) If p ≡ 2, 8 (mod 15) and so p = 5x
in Theorem 3.3 we see that
It is easily seen that
Thus, if p = x 2 + 15y 2 ≡ 1, 4 (mod 15), using (3.2) we see that
Now combining all the above we obtain the result.
Theorem 3.6. Let p be an odd prime with (
). Then
+ xy + 88y in Theorem 3.3 and applying (2.2) we see that )(
+ xy + 64y in Theorem 3.3 and applying (2.2) we see that
Now applying [9, Corollary 6.9] we deduce the result. 
We also use H(d) to denote the form class group of discriminant d. Let ω = (−1 + √ −3)/2. Following [6] and [9] we use ( ) 3 = 1. For later convenience, following [9] we introduce the following notation. 
if 3 r and 3 u, 3 if 3 r − 2, 3 | u and 9 u, 1 otherwise
Lemma 3.4 ([9, Theorem 6.1 and Remark 6.1]). Let p > 3 be a prime, and P, Q ∈ Z with p Q and 
